Hidden Local Symmetry and Effective Chiral Theory for Vector and
  Axial-vector Mesons by Li, Bing An & Wu, Yue-Liang
ar
X
iv
:h
ep
-p
h/
05
09
05
4v
1 
 6
 S
ep
 2
00
5
Hidden Local Symmetry and Effective Chiral Theory
for Vector and Axial-vector Mesons
B.A. Li† and Y.L. Wu‡
† Department of Physics, University of Kentucky, Lexington, KY 40506, USA
‡ Institute of Theoretical Physics, Academia Sinica,
P.O. Box 2735, Beijing 100080, P.R. China
()
Abstract
We present the effective chiral Lagrangian of mesons (peusodoscalars, vectors
and axial-vectors) obtained in the chiral limit by using two approaches. The
first approach is based on symmetries: the explicit global chiral symmetry
and hidden local chiral symmetry. In this approach, it is noticed that there
are in general fourteen interacting terms up to the dimension-four of covari-
ant derivative for meson fields rather than the usual eleven interacting terms
given in literature from hidden local symmetry approach. Of particular, the
additional terms are found to be very important for understanding the vector
meson dominance and providing consistent predictions on the decay rates of
a1 → γpi and a1 → ρpi as well as for resulting a consistent effective chiral
Lagragian with chiral perturbation theory. The second approach is motivated
from the chiral symmetry of chiral quarks and the bound state solutions of
nonperturbative QCD at low energy and large Nc. The second approach is
more fundamental in the sense that it is based on the QCD Lagrangain of
quarks and only relies on two basic parameters in addition to the ones in
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the standard model. As a consequence, it allows us to extract, in terms of
only two basic parameters, all the fourteen parameters in the more general
effective Lagrangian constructed from symmetries in the first approach. It is
surprising to note that except the necessity of three additional new interacting
terms introduced in this paper, the resulting values of the coupling constants
for other three interacting terms at the dimension-four are also quite different
from the ones given in the literature. It is likely that the structures of the
effective chiral Lagrangian for the dimension-four given in the literatures by
using hidden local symmetry are incomplete and consequently the resulting
coulpings are not reliable. It is shown that the more general effective chiral
Lagrangian given in the present paper shall provide a more consistent predic-
tion for all the low energy phenomenology of ρ − a1 system and result in a
more consistent description on the low energy behavior of light flavor mesons.
Its fourteen parameters up to the dimension-four of covariant derivative may
be uniquely determined from the effective chiral theory based on the second
approach, which is consistent with the chiral perturbation theory.
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I. INTRODUCTION
QCD with gauge symmetry SU(3) has been introduced to describe the strong interactions
among quarks. Its high energy behavior, in particular, the asymptotic behavior, has been
succesfully characterized by perturbative QCD. While the low energy dynamics of QCD re-
mains unsolved due to the nonperturbative effects of strong interactions. Actually, QCD was
motivated from the studies of low energy dynamics of hadrons. A lot of useful and practical
approaches, such as current algebra, PCAC, sum rules, dispersion analysis, vector meson
dominance, Green function approach, Nambu-Jona-Lasinio model, chiral quark model, etc.,
have been adopted to study the low energy behavior of hadronic physics, many of them
were developed even before QCD was discovered. It is now believed that hadrons are bound
states of quarks and gluons as the solutions of nonperturbative QCD. It also becomes clear
that the quark confinement and chiral symmetry breaking result from nonperturbative QCD
effects. The success of current algebra [1] with PCAC is mainly because it reflects the (ap-
proximate) chiral invariance of the QCD lagrangian. Base on the successful descriptions of
these approaches, it is then natural to study an effective theory based on chiral quarks with
(approximate) chiral symmetry and bound state solutions of nonperturbation QCD. Though
the meson physics has been widely studied for a long time, theoretically, there remain some
open questions: what is a more realistic effective Lagrangian that can systematically describe
the pseudoscalars, vector and axial-vector mesons, and how to establish such an effective
Lagrangian with less parameters. In this paper, we will issue such questions along two lines.
Firstly, we adopt the chiral symmetry to construct more general effective Lagrangain. It is
based on the fact that the QCD lagrangian possesses a global chiral symmetry U(3)L×U(3)R
in the limit of zero light qurak massmq → 0. The vector and axial-vector mesons are treated
as dynamical gauge bosons of hidden local chiral symmetry Uˆ(3)L × Uˆ(3)R. This approach
has widely been adopted in the literature and several review articles [2,3] have extensively
discussed such an approach. A simple but complete description on this approach will be
presented in the section II. In particular, we will see that up to the dimension-four of meson
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fields, the resulting effective Lagrangian has in general fourteen interacting terms rather
than eleven interacting terms given in the literature with hidden local symmetry approach
[4,2,3]. Three important interacting terms at the dimension-four have actually been missed
in the mentioned literature. It is those additional terms that cancel the strong momentum
dependence of the ρ − π − π coupling fρpipi, and also it is those terms that ensure the ρ−
meson dominance in a1 → γπ decay and result in consistent prediction on the decay rates of
a1 → γπ and a1 → ρπ. In section III, we present an effective Lagrangian derived from the
QCD Lagrangian of chiral quarks with (approximate) global chiral symmetry and bound
state solutions of nonperturbative QCD. Where only two parameters are introduced in ad-
dtion to the ones in the standard model. Such an effective chiral theory (ECT) has been
shown to provide a lot of consistent results on low energy phenomena for the vector and
axial-vector meson system [5,6]. In section IV, it is shown that with an appropriate gauge
fixing of hidden local chiral symmetry, fourteen parameters appearing in the more general
effective Lagarangian construced based on the explict global chiral symmetry and hidden
local chiral symmetry can be uniquely extracted when comparing it with the effective La-
grangian of ECT. As a consequence, all low energy phenomenology of ρ − a1 system, such
as universality of the ρ-meson coupling, vector meson dominance, the ρ − π − π coupling
fρpipi, the KSFR relation m
2
ρ = f
2
ρpipif
2
pi/2, etc. can be consistently understood. While the
Weinberg’s sum rule is modified to be g2a/(1− 1/2π
2g2) = g2ρ. Our conclusions and remarks
are given in the last section.
II. VECTORS, AXIAL-VECTORS AND HIDDEN LOCAL SYMMETRY
Neglecting the smallness of the light quark mass mq (q = u, d, s) in comparing with
the chiral symmetry breaking scale, the strong interactions of light flavors possess a global
chiral symmetry U(3)L × U(3)R. The chiral symmetry is supposed to be spontaneously
broken via the dynamical mechanism due to attractive gauge interactions, namely the chiral
condensates < q¯q > exist and lead to the Goldstone-like pseudoscalar mesons π, K, η.
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If the vector and axial-vector mesons are introduced as gauge bosons, they should not be
corresponding to the gauge bosons via gauging the above global chiral symmetry U(3)L ×
U(3)R, otherwise there exist, according to the Higgs mechanism, no independent degrees of
freedoms for the Goldstone-like pseudoscalar mesons. On the other hand, the chiral gauge
boson couplings to the light quarks must be invariant under the transformation of the global
chiral symmetry U(3)L × U(3)R as the original QCD theory does. It is then motivated to
introduce hidden local chiral symmetry Uˆ(3)L × Uˆ(3)R associated with the chiral gauge
bosons AˆL and AˆR. After the spontaneous breaking of the global chiral symmetry U(3)L
× U(3)R, the Goldstone-like pseudoscalar mesons are generated, the chiral gauge bosons
associated with the hidden local gauge symmetry also turn out to be the vector and axial-
vector mesons via an appropriate choice of the gauge transformation of the hidden local chiral
symmetry Uˆ(3)L × Uˆ(3)R. Such a gauge choice breaks the hidden local chiral symmetry
and generates the masses of the vector and axial-vector mesons. In this note, we are limited
to consider the part with chiral symmetry at zero quark mass and will not discuss the gauge
anormalous part.
Let us begin with introducing the necessary fields for constructing the chiral Lagrangian
which is invariant under the global chiral symmetry U(3)L × U(3)R. The chiral Lagrangian is
supposed to describe the Goldstone-like pseudoscalars, both vector and axial-vector mesons
which arise from the gauge bosons of the local chiral symmetry Uˆ(3)L × Uˆ(3)R.
The needed fields contain the nonlinear chiral fields: ξˆL(x) ∈ U(3)L× Uˆ(3)L and ξˆR(x) ∈
U(3)R × Uˆ(3)R, which transform as
ξˆL(x)→ gL ξˆL(x) G
†
L(x) ; gL ∈ U(3)L , GL(x) ∈ Uˆ(3)L (1)
ξˆR(x)→ gR ξˆR(x) G
†
R(x) ; gR ∈ U(3)R , GR(x) ∈ Uˆ(3)R (2)
and the nonlinear field ξM ∈ Uˆ(3)L × Uˆ(3)R tranforming as
ξM(x)→ GL(x) ξM(x) G
†
R(x) ; (GL(x), GR(x)) ∈ Uˆ(3)L × Uˆ(3)R (3)
The chiral gauge fields AˆL and AˆR corresponding to the local chiral symmetry Uˆ(3)L ×
Uˆ(3)R transform as
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AˆL(x)→ GL(x)(AˆL(x) + i∂)G
†
L(x), (4)
AˆR(x)→ GR(x)(AˆR(x) + i∂)G
†
R(x) (5)
With the above nonlinear chiral fields, one can construct the nonlinear field U(x) ∈ U(3)L×
U(3)R transforming only under the global chiral symmetry action
U(x) ≡ ξˆL(x)ξM(x)ξˆ
†
R(x), (6)
U(x)→ gL U(x) g
†
R ; (gL, gR) ∈ U(3)L × U(3)R (7)
Similarly, we can construct the chiral gauge bosons
aL(x) = ξˆL(x)(AˆL(x) + i∂)ξˆ
†
L(x) ≡ ξˆL(x)iDξˆ
†
L(x), (8)
aR(x) = ξˆR(x)(AˆR(x) + i∂)ξˆ
†
R(x) ≡ ξˆR(x)iDξˆ
†
R(x) (9)
which transform under the global chiral symmetry as
aL(x)→ gL aL(x) g
†
L, aR(x)→ gR aR(x) g
†
R (10)
The gauge field strengths of the local chiral symmetry are defined as
Fˆ µνL (x) = ∂
µAˆνL − ∂
νAˆµL − i[Aˆ
µ
L, Aˆ
ν
L]
Fˆ µνR (x) = ∂
µAˆνR − ∂
νAˆµR − i[Aˆ
µ
R, Aˆ
ν
R] (11)
and the field strengths of the chiral gauge bosons corresponding to the global chiral symmetry
are given by
F µνL (x) = ∂
µaνL − ∂
νaµL − i[a
µ
L, a
ν
L] = ξˆL(x)Fˆ
µν
L (x)ξˆ
†
L(x)
F µνR (x) = ∂
µaνR − ∂
νaµR − i[a
µ
R, a
ν
R] = ξˆR(x)Fˆ
µν
R (x)ξˆ
†
R(x) (12)
All the field strength transforms covariantly
F µνL (x)→ gLF
µν
L g
†
L; F
µν
R (x)→ gRF
µν
R g
†
R ,
Fˆ µνL (x)→ GLFˆ
µν
L G
†
L; Fˆ
µν
R (x)→ GRFˆ
µν
R G
†
R (13)
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We can also construct the gauge fields
−aˆL(x) ≡ ξM(x)iDξ
†
M(x) = ξM(x)(i∂ + AˆR(x))ξ
†
M(x)− AˆL(x) (14)
−aˆR(x) ≡ ξ
†
M(x)iDξM(x) = ξ
†
M(x)(i∂ + AˆL(x))ξM(x)− AˆR(x) = ξ
†
M(x)aˆL(x)ξM(x) (15)
which transform covariantly under the local chiral symmetry transformation
aˆL(x)→ GL(x) aˆL(x) G
†
L(x), aˆR(x)→ GR(x) aˆR(x) G
†
R(x) (16)
With the above definitions and analysis, one can establish a more general chiral La-
grangian which is invaraint under the transformations of global chiral symmetry U(3)L ×
U(3)R with the local chiral symmetry Uˆ(3)L × Uˆ(3)R appearing as a hidden symmetry. The
more general Lagrangian has the following form
L = La + Lb + Lc + Ld + Lk + Lf (17)
La = a(f
2
pi/16)Tr
(
aLµ + UaRµU
†
)2
= −a(f 2pi/16)Tr
(
ξˆLDµξˆ
†
L + (ξˆLξM)(Dµξˆ
†
R ξˆR)(ξ
†
M ξˆ
†
L)
)2
(18)
Lb = b(f
2
pi/4)Tr
(
aLµ − UaRµU
†
)2
= −a(f 2pi/16)Tr
(
ξˆLDµξˆ
†
L − (ξˆLξM)(Dµξˆ
†
R ξˆR)(ξˆLξM)
†
)2
(19)
Lc = c(f
2
pi/16)Tr(ξˆLaˆLµξˆ
†
L)
2 = c(f 2pi/16)Tr(aˆRµ)
2 = −c(f 2pi/16)Tr
(
ξMDµξ
†
M
)2
(20)
Ld = d(f
2
pi/16)Tr(aLµ − UaRµU
† − ξˆLaˆLµξˆ
†
L)
2
= −d(f 2pi/16)Tr
(
ξˆLDµξˆ
†
L − (ξˆLξM)(Dµξˆ
†
R ξˆR)(ξˆLξM)
† − ξˆL(ξMDµξ
†
M)ξˆ
†
L
)2
(21)
Lk = −
1
4g2G
Tr (F µνL FLµν + F
µν
R FRµν) = −
1
16g2G
Tr
(
Fˆ µνL FˆLµν + Fˆ
µν
R FˆRµν
)
(22)
Lf = α(1/12g
2
G)Tr
(
ξˆL(DµaˆLν)(D
µaˆνL)ξˆ
†
L
)
+β(1/12g2G)Tr
(
ξˆLaˆLµaˆLν aˆ
µ
Laˆ
ν
Lξˆ
†
L
)
+γ(1/12g2G)Tr
(
ξˆLaˆLµaˆ
µ
Lξˆ
†
L
)2
+α1(−i/g
2
G)Tr (aLµaLνF
µν
L + aRµaRνF
µν
R )
+α2(−i/g
2
G)Tr
(
U †aLµaLνUF
µν
R + UaRµaRνU
†F µνL
)
+α3(+i/2g
2
G)Tr
(
aLµUaRνU
†F µνL + aRµU
†aLνUF
µν
R
)
+H.c.
7
+α4(−i/4g
2
G)Tr
(
ξˆLaˆLµaˆLν ξˆ
†
LF
µν
L + ξˆRξ
†
M aˆLµaˆLνξM ξˆ
†
RF
µν
R
)
+α5(+i/4g
2
G)Tr
(
aLµξˆLaˆLν ξˆ
†
LF
µν
L − aRµξˆRaˆRν ξˆ
†
RF
µν
R
)
+H.c.
+α6(−i/4g
2
G)Tr
(
UaRµU
†ξˆLaˆLν ξˆ
†
LF
µν
L − U
†aLµUξˆRaˆRν ξˆ
†
RF
µν
R
)
+H.c. (23)
For comparison, the coupling constants are taken in terms of the same notation as the ones
in ref. [4,2,3], except three additional interaction terms of the dimension four, which have
been missed in ref. [4,2,3] and will be found to be very important for understanding the ρππ
coupling gρpipi, and the decay rates of a1 → ρπ and a1 → γπ. It is seen that there are fourteen
unknown coupling constants: a, b, c, d, gG, α, β, γ, and αi (i = 1, · · · , 6). In general, they
need to be determined via experiment processes. Actually, the success of current algebra
helps to fix some of the couplings. It has been shown [4,2,3] that the following choice of the
parameters seem to be consistent with the low energy phenomena and current algebra
a = b = c = 2, d = 0 (24)
α1 = α2 = α3 = 0, −α4 = α5 = α6 = 1 (25)
α, β, γ − missed, or α = β = γ = 0 (26)
Note that the values of this set of parameters were phenomenologically suggested without
including the three terms α, β and γ. The three additional terms corresponding to the
couplings α, β and γ are introduced at first time in this paper from hidden local symmetry
approach, we will discuss their values below and will also comment on the values of the
other parameters based on the effective chiral Lagrangian derived from the chiral symmetry
of chiral quarks and bound state solutions of nonperturbative QCD.
It is clear that the physical observables should be independent of the Hidden symmetry,
which means that we can choose any appropriate gauge for the local hidden symmetry
to obtain the effective chiral Lagragian to describe the low energy dynamics of QCD. For
convenient, we make the following choice for the gauge transformations GL,R(x), so that
ξM(x)→ GL(x)ξM(x)G
†
R(x) = 1, (27)
ξˆL(x)→ ξˆL(x)G
†
L(x) = ξL(x) = ξ(x) = e
iΠ(x)/fpi
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ξˆR(x)→ ξˆR(x)G
†
R(x) = ξR(x) = ξ
†(x) = e−iΠ(x)/fpi (28)
U(x) = ξL(x)ξ
†
R(x) = ξ
2(x) = ei2Π(x)/fpi (29)
where Π(x) = Πaλa is the nonet Goldstone-like pseudoscalars. In this convention, fpi = 186
MeV. With this choice of gauge, we have
aˆR(x) = −aˆL(x) = AˆR(x)− AˆL(x)
= ξ†L(−iDU)ξR = ξ
†
R(iDU
†)ξL (30)
with the covariant derivative iDU being
iDU = i∂U + aLU − UaR (31)
It is seen that the above choice of gauge conditions is a kind of unitary gauge corresponding
to the broken down of the hidden local chiral symmetry.
It will also be useful to decompose the chiral gauge fields AˆL and AˆR into two parts
AˆL(x) ≡ AL(x) + Lξ(x), AˆR(x) ≡ AR(x) +Rξ(x) (32)
with AL(x) and AR(x) being the covariant parts associated with the gauge bosons aL(x) and
aR(x), while Lξ(x) and Rξ(x) are the pure gauge part associated with the Goldstone-like
pseudoscalars contained in the nonlinear chiral fields ξˆL(x) and ξˆL(x)
AL(x) = ξ
†
L(x) aL(x) ξL(x) ≡ V (x)− A(x), (33)
Lξ(x) = ξ
†
L(x)i∂ξL(x) ≡ Vξ(x)−Aξ(x), (34)
AR(x) = ξ
†
R(x) aR(x) ξR(x) ≡ V (x) + A(x), (35)
Rξ(x) = ξ
†
R(x)i∂ξR(x) ≡ Vξ(x) + Aξ(x) (36)
Explicitly, one sees that
2Aξ = Rξ(x)− Lξ(x) = ξ
†
L(−i∂U)ξR (37)
With the above gauge choice, we arrive at the following effective chiral Lagrangian possessing
only global chiral symmetry U(3)L × U(3)R
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Lt = La + Lb + Lc + Ld
= (a + b)(f 2pi/16)Tr
(
a2Lµ + a
2
Rµ
)
+ 2(a− b)(f 2pi/16)Tr
(
aLµUa
µ
RU
†
)
+c(f 2pi/16)Tr
(
DUDU †
)
+ d(f 2pi/16)Tr(aLµ − UaRµU
† − iDU U †)2 (38)
Lf = α(1/12g
2
G)Tr
(
DµDνU D
µDνU †
)
+β(1/12g2G)Tr
(
DµUDνU
†DµUDνU †
)
+γ(1/12g2G)Tr
(
DµUD
µU †DνUD
νU †
)
+α1(−i/g
2
G)Tr (aLµaLνF
µν
L + aRµaRνF
µν
R )
+α2(−i/g
2
G)Tr
(
aLµaLνUF
µν
R U
† + aRµaRνU
†F µνL U
)
+α3(+i/2g
2
G)Tr
(
aLµUaRνU
†F µνL + aRµU
†aLνUF
µν
R
)
+H.c.
+α4(−i/4g
2
G)Tr
(
DµUDνU
†F µνL +DµU
†DνUF
µν
R
)
+α5(−i/4g
2
G)Tr
(
aLµiDνU U
†F µνL − aRµiDνU
† UF µνR
)
+H.c.
+α6(−i/4g
2
G)Tr
(
UaRµiDνU
†F µνL − U
†aRµiDνU F
µν
R
)
+H.c. (39)
We will see below that it is this form of the effective chiral Lagrangian that enables us to
compare it with the one derived from ECT. This is because they possess the same global
chiral symmetry U(3)L × U(3)R in the limit of zero light quark masses mq → 0. It then
allows us to fix the fourteen parameters in terms of two parameters introduced in the effective
chiral theory of mesons in the large Nc approach.
III. CHIRAL LAGRANGIAN FROM LARGE NC QCD AT LOW ENERGY
Let us begin with the QCD Lagrangian with only containing light quarks
LqQCD = q¯γ
µ(i∂µ + gsG
a
µT
a)q − q¯Mqq −
1
2
TrGµνG
µν (40)
where q = (u, d, s) denote three light quarks. Gaµ are the gluon fields with SU(3) gauge
symmetry and gs is the running coupling constant. Mq is the light quark mass matrix
Mq = diag.(mu, md, ms). In the limit Mq → 0, it is seen that the Lagrangian has global
U(3)L×U(3)R symmetry. It is known that the pseudoscalars, vector and axial-vector mesons
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(or chiral spin-1 bosons) all are bound states of quark and anti-quark due to strong interac-
tions of gluons at low energy. The global chiral symmetry will be broken down spontaneously
via the dynamical mechanism of quark condensate due to attractive gluon interactions at
low energy. When the confining length scale of quark and anti-quark in mesons is smaller
than the scattering length among the mesons, one may treat the mesons as point-like quan-
tum fields of composite quarks. In the classical level, it is supposed to have the following
correspondings between the mesons and the quark currents
Πi(x) ∼ G(q, q¯)q¯(x)iγ5λ
iq(x); viµ(x) ∼ q¯(x)γµλ
iq(x); aiµ(x) ∼ q¯(x)γµγ5λ
iq(x) (41)
To describe such phenomena of the low energy dynamics of QCD, one can extend the QCD
Lagrangian at low energy to the following form with including the meson fields as bound
states
LˆqQCD = q¯γ
µ(i∂µ + gsG
a
µT
a)q − q¯Mqq −
1
2
TrGµνG
µν
+ q¯(x)
(
γµviµ(x)λ
i + γµγ5a
i
µ(x)λ
i +mU(x)P+ +mU
†P−
)
q(x)
+
m2o
4
Tr(v2(x) + a2(x)) (42)
with P± = (1 ± γ5)/2. The above Lagrangian remains invaraint under transformations of
the global chiral symmetry U(3)L × U(3)R in the limit mq → 0,
qL(x) ≡ P+q(x)→ gLqL(x), qR(x) ≡ P−q(x)→ gRqR(x); U(x)→ gLU(x)g
†
R,
aL(x) ≡ v(x)− a(x)→ gLaL(x)g
†
L, aR(x) ≡ v(x) + a(x)→ gRaR(x)g
†
R (43)
Note that the pseudoscalars are treated as the nonlinear fields. Based on the above consid-
erations, mesons are regarded as the bound state solutions of QCD, namely they are not
independent degrees of freedom. Therefore, there are no kinetic terms for meson fields. The
kinetic terms of meson fields are generated dynamically from quark loops.
The effective Lagrangian of mesons is obtained by integrating out quark fields in Eq.(42)
(which is equivalent to calculate the Feynman diagrams of quark loops). Using the method
of path integral, the effective Lagrangian of mesons is evaluated via
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exp{i
∫
d4xLM} =
∫
[dq][dq¯]exp{i
∫
d4xL}. (44)
The functional integral of right hand side is known as the determination of the Dirac operator
∫
[dq][dq¯]exp{i
∫
d4xL} = det(D). (45)
To obtain the effective Lagrangian, it will be useful to go to Euclidean space and to define
the Hermitian operator
LME = ln detD =
1
2
[ln detD + ln detD†] +
1
2
[ln detD − ln detD†] ≡ LMRe + L
M
Im (46)
with
LMRe =
1
2
ln det(DD†) ≡
1
2
ln det∆E
LMIm =
1
2
ln det(D/D†) ≡
1
2
ln detΘE (47)
where
D = γ · ∂ − iγ · v(x)− iγ · a(x)γ5 +mu(x)
D† = −γ · ∂ + iγ · v(x)− iγ · a(x)γ5 +muˆ(x) (48)
with u(x) = P+U(x) + P−U
†(x) and uˆ(x) = P−U(x) + P+U
†(x). Applying the following
useful relations
ln det∆ = Tr ln∆ (49)
ln∆ = −
∫ ∞
τ0
dτ
τ
e−τ∆ −
(
ln τ0 + γ +
∞∑
n=1
(−τ0∆)
n
n · n!
)
(50)
The effective Lagrangian can be obtained by using the Schwinger’s proper time regularization
approach [7,8] with subtracting the divergence at τ0 = 0
LMRe =
1
2
∫
d4x
d4p
(2π)4
Tr
∫ ∞
0
dτ
τ
(
e−τ∆
p
E − e−τ∆0
)
(51)
with
∆pE = (γ
µD†µ)(γ
νDν) + 2ip
µDµ +mγ
µDµU(x)P+ +mγ
µDµU
†(x)P− +∆0
∆0 = p
2 +m2 (52)
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and
Dµ = ∂µ − ivµ(x)− iaµ(x)γ5 , D
†
µ = ∂µ − ivµ(x) + iaµ(x)γ5 (53)
To ensure the gauge invariance, the dimensional regularization should be adopted for the
momentum integral. After integrating over τ , the effective Lagrangian reads
LMRe =
1
2
∫
dDx
dDp
(2π)D
∞∑
n=1
1
n
1
(p2 +m2)n
Tr (∆pE −∆0)
n
(54)
Up to the fourth order in covariant derivatives, the effective Lagrangian in Minkowski
space has the following form
LMRe =
F 2
16
Tr(DµUD
µU †)−
g2
8
Tr (vµνv
µν + aµνa
µν)
+
Nc
6(4π)2
TrDµDνUD
µDνU †
−
i
2
Nc
(4π)2
Tr{DµUDνU
† +DµU
†DνU}v
µν
−
i
2
Nc
(4π)2
Tr{DµU
†DνU −DµUDνU
†}aµν
−
Nc
12(4π)2
Tr{2 DµUD
µU †DνUD
νU † −DµUDνU
†DµUDνU †}
+
1
4
m20Tr (vµv
µ + aµa
µ) , (55)
where
DµU = ∂µU − i[vµ, U ] + i{aµ, U},
DµU
† = ∂µU
† − i[vµ, U
†]− i{aµ, U
†},
vµν = ∂µvν − ∂νvµ − i[vµ, vν ]− i[aµ, aν ],
aµν = ∂µaν − ∂νaµ − i[aµ, vν ]− i[vµ, aν ],
DνDµU = ∂ν(DµU)− i[vν , DµU ] + i{aν , DµU},
DνDµU
† = ∂ν(DµU
†)− i[vν , DµU
†]− i{aν , DµU
†}.
The two parameters entering the effective Lagrangian are given by
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F 2 = 16
Nc
(4π)2
m2
D
4
Γ(2−
D
2
)
(
4πµ2I
m2
)2−D/2
(56)
g2 =
8
3
Nc
(4π)2
D
4
Γ(2−
D
2
)
(
4πµ2I
m2
)2−D/2
=
F 2
6m2
(57)
with µI being the infrared cutoff energy scale.
The above effective chiral Lagrangian has been shown to provide a successful description
on many processes of low energy phenomena [5,6].
IV. 14-PARAMETERS IN CHIRAL LAGRANGIAN OF HIDDEN SYMMETRY
So far we have presented, in terms of two approaches, the effective chiral Lagrangian
with including the vector and axial-vector mesons. One is based on the explicit global chiral
symmetry U(3)L × U(3)R and hidden local chiral symmetry Uˆ(3)L × Uˆ(3)R, another based
on the global chiral symmetry of chiral quarks and bound state solutions of nonperturbative
QCD at low energy. With the approapriate gauge choice of the hidden local chiral symmetry
as shown in eqs.(38-39) in the section II, it allows us to fix the fourteen parameters introduced
in the hidden local chiral symmetry approach. It is not difficult to check that the parameters
are fixed to be
a = b =
m20
f 2pi
=
g2m2ρ
f 2pi
, c =
6g2m2
f 2pi
=
F 2
f 2pi
, d = 0 (58)
α = 2β = −γ =
Nc
2(πg)2
, g2G =
4
g2
(59)
α1 = α2 = α3 = α5 = α6 = 0, α4 =
Nc
2(πg)2
= α (60)
To define the physical meson states in the mass eigenstate, one needs to normalize the kinetic
terms and redefine the pseudoscalars and axial-vectors due to the mixing term aµ(x)∂µΠ(x),
which leads to
f 2pi = F
2
(
1−
2c
a+ b+ 2c
)
= F 2
(
1−
6m2
m2ρ + 6m
2
)
(61)
m2ρ = m
2
o/g
2 (62)
14
Comparing the above set of parameters with the one fixed via the low energy phenomena
(eqs.(24-26)), we come to the following observations:
• For the terms in the effective Lagrangian up to the dimension-two of covariant deriva-
tive, both effective chiral theory approach and hidden symmetry approach provide a
consistent determination for the four parameters. It is of interest to note that once
the vector meson mass is dynamically generated and takes the value
m2ρ = 6m
2 (63)
one has from eqs.(58) and (61)
F 2 = 2f 2pi , a = b = c = 2
which agrees well with the one obtained from current algebra and phenomenological
analysis (eq.(24)) in the hidden symmetry approach [4,2,3].
• For the terms with dimension four of covariant derivative, it is noticed that: (i) there
are in general ten terms rather than seven terms in the usual effective Lagrangian of
hidden symmtry in the literature [4,2,3], three additional new terms (i.e., α, β and
γ) are necessity in our present more general construction on the effective Lagrangian
via the hidden symmetry approach. Of particular, these three terms are found to be
nonzero when comparing to the effective chiral Lagrangian derived from ECT; (ii) Even
for the usual six terms with coupling constants αi, i = 1, · · · , 6, three of the terms, α4,
α5 and α6, turn out to have different behavior when comparing their values yielded
from phenomenological analysis in the literatures [4,2,3] with the ones determined from
the effective chiral theory.
• The values −α4 = α5 = α6 = 1 have been taken in the literature [4,2,3] to accomodate
the ρ−dominance for a1 → γπ decay and to cancel the strong momentum dependence
of the coupling fρpipi in the absence of the a1− meson. While in the effective chiral
theory, it is seen that α4 is positive with value α4 = Nc/(2(πg)
2), and α5 = α6 = 0.
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• It is natural to ask why the values α4, α5 and α6 extracted from two cases are so differ-
ent, and how the cancellation of strong momentum dependence of the coupling fρpipi and
the ρ− dominance in a1 → γπ decay can be accomodated in the case with positive value
of α4 and zero values of α5 and α6. The answer is attributed to the three additional
new terms, in our present more general construction via hidden symmetry approach.
They are found to be nonzero from the effective chiral theory and their values are
determined from the effective chiral theory to be α = −γ = 2β = α4 = Nc/(2(πg)
2).
With these values, it can be shown that the strong momentum dependence of fρpipi will
be cancelled when m2ρ = 6m
2 and g = 1/π due to the existance of the additional new
terms, and the ρ−dominance for a1 → γπ decay can also be realized [5,6].
• In comparison with the chiral perturbation theory (ChPT) [9], the new terms α, β
and γ are related to the terms L1, L2 and L3 in ChPT. Noticing the algebraic relation
Tr
(
DµUDνU
†DµUDνU †
)
=
1
2
[Tr
(
DµUD
µU †
)
]2
+Tr
(
DµUDνU
†
)
· Tr
(
DµUDνU †
)
− 2Tr
(
DµUD
µU †
)2
(64)
One arrives at the relation L1 = 1/2 L2.
• The terms α4 and α are related to the coupling constant L9 in ChPT. Both the sign
and extracted value for α4 in our present consideartions are consistent with the ones of
L9 from the phenomenology well descriped by ChPT, while the previous results for α4
given in literature [4,2,3] seem to be conflict with the extracted value of L9 in ChPT.
It is then not difficult to show that the more general effective Lagrangian (eqs.(38-39))
constructed via the approach of global chiral symmetry and hidden local chiral symmetry
with an appropriate gauge choice should be consistent with any other effective chiral La-
garangian in the chiral limit. The fourteen parameters in the effective Lagrangian up to the
dimension-four of the meson fields can be extracted from the effective chiral theory.
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V. EFFECTIVE CHIRAL LAGRANGIAN AND LOW ENERGY BEHAVIOR
A consistent effective chiral Lagrangian should reproduce the low energy behaviour which
have been tested by experiments. Let us check the Vector-Pseudoscalar-Pseudoscalar vertex.
As an example, we may first work out the ρππ coupling fρpipi which is defined as
Lρpipi = fρpipiǫijkρ
µ
i πj∂µπk (65)
From the general effective chiral Lagrangian eqs.(38) and (39), it is not difficult to find that
fρpipi = gG{ 1 +
2m2ρ
g2Gf
2
pi
[ (α4 − α/3)
(
1−
2c
a+ b+ 2c
)2
−
(
2c
a+ b+ 2c
)2
+ (α5 + α6)
(
2c
a+ b+ 2c
)(
1−
2c
a+ b+ 2c
)
] } (66)
Note that the coupling receives contribution from the additional new term α. It is seen
that when the parameters take the values chosen from the phenomenological analysis in the
literature [4,2,3], i.e., a = b = c = 2, −α4 = α5 = α6 = 1 and α = 0 (also see eqs.(24-26)),
one has
fρpipi = gG = 2/g (67)
where the second term in the curled bracket of eq.(66) vanishes due to cancellations from
various contributions. Alternatively, when taking the values of parameters determined from
the effective chiral theory, see eqs. (58-60), one has [5]
fρpipi =
2
g
{ 1 +
m2ρ
2π2f 2pi

Nc
3
(
1−
6m2
m2ρ + 6m
2
)2
− π2g2
(
6m2
m2ρ + 6m
2
)2 } (68)
It is seen that only for a specific choice g = 1/π and m2ρ = 6m
2, one yields with Nc = 3 that
fρpipi = 2/g. It can be shown that with the parameters fixed from the effective chiral theory,
the effective chiral Lagrangian can also lead to a consistent prediction on Γ(a1 → ρπ) and
Γ(a1 → γπ). The numerical predictions were found [5] to be Γ(a1 → ρπ) ≃ 326 MeV and
Γ(a1 → γπ) ≃ 252 MeV. In general, a value of the basic parameter g closing to 1/π is found
to be a consistent one. Here the term α play an important role.
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The second effect of the additional term α in the more general effective chiral Lagrangian
is that the Weinberg’s sum rule g2a = g
2
ρ will be modified to be
g2a = g
2
ρ
(
1−
α
3
)
= g2ρ
(
1−
Nc
6π2g2
)
(69)
In the second equility, the parameter α has been taken the result fixed from the effective
chiral theory. This modification makes the predictions for the masses of the axial vectors to
be more consistent with the experimental data.
Another important effect from the additional term α is the evaluation for the decay
constants of the pseudoscalars.
To be more explicit, we may use some algebraic relations and equation of motion
Dµ
(
U †DµU
)
=
1
2
(
U †χ− χ†U
)
(70)
to reexpress the α term into several more familar terms, so that its effects can be easily seen.
It is easy to check that
DµDνUD
µDνU † =
1
2
[F 2L + F
2
R − 2FLUFRU
†]
+ i[DµUDνU
†F µνL +DµU
†DνUF
µν
R ]
+
(
DµUD
µU †
) (
DνUD
νU †
)
(71)
+
1
2
DµUD
µ[U †
(
Uχ† − χU †
)
]
+
1
2
(
DµU
†DµU
) (
U †χ− χ†U
)
+ total derivative terms
From this explicit form, it is not difficult to understand its effects. Where the first term
modifies the Weinberg’s sum rule, the second term contributes to the ρππ coupling and the
coupling constant L9 in ChPT, the third term has effects on the coupling constant L3 in
ChPT and the last two terms will provide additional contributions to the decay constants
of pseudoscalars. As a consequence, we arrive at a complete prediction for the couplings L1,
L2, L3 and L9 at this order, which is consistent with the one extracted from phenomenology
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described by the chiral perturbation theory up to order of p4. The numerical values are
found to be
Parameters 103L1 10
3L2 10
3L3 10
3L9
Present 0.79 1.58 -3.16 6.32
ChPT [10] 0.4± 0.3 1.35± 0.3 −3.5± 1.1 6.9± 0.7
Let us now check the known KSFR relation. From the general effective Lagrangian,
the mass of ρ meson reads m2ρ = af
2
pig
2
G/4. Comparing to the effective chiral theory with
g2G = 4/g
2 and fρpipi ≃ 2/g, one has
m2ρ = af
2
pig
2
G/4 =
a
4
f 2pi
(
2
g
)2
≃
a
4
f 2pif
2
ρpipi (72)
Thus the known KSFR relation holds for a ≃ 2 which is also consistent with the vector
meson dominance.
It is seen that the more general effective chiral Lagrangian with its parameters extracted
from the effective chiral theory can well reproduce the phenomenology of ρ− a1 system.
One may see that only from the ρππ coupling, a1 → ρπ and a1 → γπ decays, the
parameters appearing in the dimension four of covariant derivative in the effective chiral
Lagrangian constructed via hidden symmetry approach may not uniquely be determined.
The value of the parameter α4 extracted from phenomenology of ρ − a1 system in the
literatures [4,2,3] is conflicit with the one from the phenomelogy well described by the
chiral perturbation theory and effective chiral theory. While the resulting structure and
couplings from the effective chiral theory are consistent not only with the phenomenolgy
of ρ − a1 system, but also with the chiral perturbation theory. Thus the effective chiral
theory derived from the chiral quarks and bound state solutions of nonperturbative QCD
may provide a very useful way to extract all the parameters in terms of only two basic scales
m and fpi = 186 MeV (or coupling constant g). It is likely that the structures of the effective
chiral Lagrangian for the dimension-four of covariant derivative given in those literatures
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[4,2,3] are incomplete. As a consequence, the extracted coulping constants are not reliable.
VI. CONCLUSIONS
The more general effective chiral Lagrangian of mesons (peusodoscalars, vectors and
axial-vectors) has been constructed in the chiral limit by using explicit global chiral sym-
metry U(3)L × U(3)R and hidden local chiral symmetry Uˆ(3)L × Uˆ(3)R. It has been shown
that there are in general fourteen interacting terms up to the dimension-four of covariant
derivative, which has three additional new terms in comparison with the effective Lagrangian
given in literature. It is those three terms that have been found to play an important role
for understanding the vector meson dominance, and for providing consistent predictions on
the decay rates of a1 → γπ and a1 → ρπ, as well as for resulting a consistent effective
chiral Lagragian with the chiral perturbation theory. It is also those three new terms that
make the more general effective Lagrangian obtained from the symmetry considerations to
be consistent with the one derived from the QCD Lagrangain of quarks with the global
chiral symmetry and the bound state solutions of nonperturbative QCD at low energy with
color number Nc. The latter effective chiral Lagrangian only relies on two basic parameters
in addition to the ones in the standard model, which has allowed us to extract all the four-
teen parameters in the more general effective Lagrangian up to dimension-four of covariant
derivative in the chiral limit. As a consequence, it has been observed that not only the three
additional new interacting terms introduced in this paper are necessary, but also the result-
ing coupling constants for other three interacting terms at the dimension-four have total
different values in comparison with the ones given in the literature from hidden symmetry
approach. It is likely that the structures of the effective lagrangian for the dimension-four
terms given in the literatures [4,2,3] are incomplete, thus the extracted coupling constants
are also not reliable. The effective chiral theory based on the chiral symmetry of chiral
quarks and the bound state solutions of nonperturbative QCD at low energy and large Nc
shall be a more economic and reliable effective theory in the sense that it depends on only two
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basic parameters in addition to the ones in the standard model and can lead to a consistent
prediction for the low energy phenomena of vector and axial-vector mesons.
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